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a b s t r a c t
Structural biological materials such as bone, teeth or mollusk shells draw their remarkable
performance from a sophisticated interplay of architectures and weak interfaces. Pushed to
the extreme, this concept leads to sutured materials, which contain thin lines with complex geometries. Sutured materials are prominent in nature, and have recently served as
bioinspiration for toughened ceramics and glasses. Sutures can generate large deformations, toughness and damping in otherwise all brittle systems and materials. In this study
we examine the design and optimization of sutures with a jigsaw puzzle-like geometry, focusing on the non-linear traction behavior generated by the frictional pullout of the jigsaw
tabs. We present analytical models which accurately predict the entire pullout response.
Pullout strength and energy absorption increase with higher interlocking angles and for
higher coeﬃcients of friction, but the associated high stresses in the solid may fracture
the tabs. Systematic optimization reveals a counter-intuitive result: the best pullout performance is achieved with interfaces with low coeﬃcient of friction and high interlocking
angle. We ﬁnally use 3D printing and mechanical testing to verify the accuracy of the models and of the optimization. The models and guidelines we present here can be extended
to other types of geometries and sutured materials subjected to other loading/boundary
conditions. The nonlinear responses of sutures are particularly attractive to augment the
properties and functionalities of inherently brittle materials such as ceramics and glasses.
© 2017 Published by Elsevier Ltd.

1. Introduction
Natural hard materials such as bone (Koester et al., 20 08; Currey, 20 02), tooth enamel (Bajaj et al., 2010), sea shells
(Barthelat et al., 2007), or turtle carapace (Chen et al., 2015) display unique and attractive combinations of strength, toughness, deformability and puncture resistance, properties that are diﬃcult to combine in engineering materials (Ritchie, 2011).
This outstanding performance is possible by their internal architectures, which can be described as assemblies of stiff and
strong building blocks (collagen or chitin ﬁbers, mineral tablets) (Barthelat, 2015) bonded by weaker interfaces. These interfaces are as important as the building blocks and fulﬁll critical structural functions (Barthelat et al., 2016): They deﬂect
and channel cracks into toughening conﬁgurations (He et al., 1994; Khayer Dastjerdi et al., 2013), they enable large deformations (Smith et al., 1999) and they provide deformation hardening to spread energy dissipative mechanisms throughout
large volumes of the materials (Barthelat, 2015; Barthelat et al., 2016; Dunlop et al., 2011; Fratzl et al., 2004; Fratzl et al.,
2016; Meyers et al., 2008). The mechanical behavior of these interfaces is typically nonlinear and governed by friction or
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Fig. 1. Examples of sutured interfaces in nature: (a) red-bellied woodpecker (Melanerpes carolinus) beak (adapted from Lee et al., 2014), (b) linking girdles
of diatoms (adapted from Lin et al., 2014), (c) marine threespine stickleback (Gasterosteus aculeatus) (adapted from Song et al., 2010), (d) Pan troglodytes
cranial sutures (adapted from Cray et al., 2010), (e) Ammonite shell (Ceratitic ammonoid) with intricate suture lines (Lin et al., 2014) (f) osteoderms of a
leatherback sea turtle shell (adapted from Chen et al., 2015). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to
the web version of this article.)

by the deformation of nanometers-thick layers of organic materials. In addition the morphology of the interfaces plays a
critical role in their mechanical response, and as seen in nacre from seashells it can act as a source of progressive locking and "geometric hardening" that delays strain localization and spreads non-elastic deformations over large volumes of
materials (Fratzl et al., 2016). In natural suture lines, the interfaces have complex geometries and re-entrant features, as
observed in the beak of woodpeckers (Lee et al., 2014) (Fig. 1a), the linking girdles of diatoms (Fig. 1b) (Lin et al., 2014b),
the armor of threespine stickleback ﬁshes (Song et al., 2010) (Fig. 1c), the cranial bone (Miura et al., 2009; Moazen et al.,
2009) (Fig. 1d), the ammonites shells (Dunlop et al., 2011) (Fig. 1e) or turtle shells (Dunlop et al., 2011; Achrai et al., 2014)
(Fig. 1f). In these examples the suture lines can channel large deformations, damp shocks and vibrations or absorb impact energy (Saunders et al., 1999). The suture lines vary in geometry and complexity across species (Allen, 2007, Maloul
et al., 2014, Miura et al., 2009), and include straight suture lines as observed in new born human skull (Miura et al., 2009),
triangular or wavy sutures with re-entrant features as seen in woodpecker beak (Lee et al., 2014), interlocked shapes as
seen in diatoms (Genkal and Popovskaya, 2008; Manoylov et al., 2009) and ammonite shells (Lin et al., 2014a) (Fig. 1). The
mechanical strength and toughness of the suture lines are largely governed by their morphology. For example, brittle sinusoidal sutures can be up to three times tougher than straight interfaces made of the same bonding material (Zavattieri et al.,
2008; Cordisco et al., 2016). In ductile materials, the positioning of second phase particles into a sinusoidal pattern can guide
the cracks into “pre-engineered” paths that increase toughness by a factor of 2-3 compared with the same material with
random distribution of particles (Srivastava et al., 2017). Stress analysis also revealed that periodic triangular sutures homogenize the transfer of stress across the interface, which is beneﬁcial to overall structural performance (Lin et al., 2014a,
b). Recent studies have also shown that increasing the number of hierarchies within the triangulated sutures, as seen in
ammonites, can augment their mechanical properties (Li et al., 2012; Li et al., 2013). The concept of sutures with tailored
geometries and locking features were recently demonstrated in glasses and ceramics, which resulted in large deformations,
energy absorption and enhanced toughness in otherwise all-brittle materials (Mirkhalaf et al., 2014; Malik and Barthelat,
2016). While these materials demonstrated the potential of architecture and sutures as weaker interfaces to enhance the
overall mechanical performance, models and optimization approaches are yet to be developed in order to get the most of
this strategy. The stiffness, strength and toughness of sutured materials were captured in models using either only elasticity
and small deformations (Achrai et al., 2014; Li et al., 2012; Li et al., 2013) or elastic-plastic models (Cordisco et al., 2016),
but the mechanisms and stresses associated with large pulling displacements and nonlinear geometrical locking behaviors
are not well understood. Here we propose a set of models and experiments to characterize the full pullout response of a
jigsaw-like suture based on frictional contact and elasticity. We ﬁrst present an analytical model based on linear elasticity
and frictional contact, which we compared with ﬁnite element models. A strategy to optimize the suture is then proposed
based on the models. The modeling and optimization are ﬁnally veriﬁed using 3D printing and mechanical testing.
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Fig. 2. (a) An individual suture with jigsaw locking features, and a material containing multiple sutures in series. The geometry and mechanics of these
systems can be captured by the unit cell shown; (b) the “strength” of the geometrical interlocking is governed by the interlocking angle θ 0 , where θ 0 < 60°
to prevent the re-entrant regions of the tabs to intersect (case highlighted in red). (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

2. Overview of the “jigsaw” suture
The sutured interfaces we considered in this work have reentrant rounded features, forming interlocks similar to a jigsaw
puzzle (Fig. 2). The geometry was built from arcs of circles of radius R, and blended at locations deﬁned by an interlocking
angle θ 0 . Rounded features were used to minimize stress concentrations in the solid. The patterns are periodic along the
suture so that the geometry can be captured with the unit cell shown on Fig. 2a. We only considered sutures which are
symmetric about a vertical axis, and which also display a 180° rotational symmetry, so that upper and lower solid parts of
the suture are identical (Fig. 2a). The geometry of the suture has therefore only two independent parameters R and θ 0 . It is
however useful to also write the length L and the width w of the tab (Fig. 2a):

L = 2R(1 + sin θ0 )

(1)

w = 4R cos θ0

(2)

The interlocking angle θ 0 clearly governs the level of geometrical interlocking of the tabs (Fig. 2b). Only the cases where
θ 0 > 0° generate geometrical interlocking. In addition, the contours of the tabs were not allowed to intersect, leading to the
geometrical constraint θ 0 < 60°. Fig. 2b shows how the level of interlocking increases when θ 0 is increased up to θ 0 = 60°
which corresponds to the extreme case where the re-entrant regions of the suture intersect tangentially.
3. Analytical model of pullout response
In this work we focused on the pullout behavior of the suture, where the suture is pulled along the axis of the tabs
(along the vertical direction on Fig. 2). The solid part of the suture was assumed to be isotropic and linear elastic (modulus
E and Poisson’s ratio ν ). We also only considered the cases where the cohesion of the suture is generated by geometric
interlocking and friction, with no adhesive at the interfaces. The pullout mechanism associated with the suture can therefore
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Fig. 3. (a) Representative volume element of the initial geometry for the jigsaw tab; (b) the same model with symmetry and boundary conditions applied.
(c) free body diagram of the unit cell; (d) free body diagram of the lower tab only, exposing the normal and frictional forces transmitted at the contact
between the tabs.

be captured using linear elasticity and frictional contact mechanics. A representative volume element of a suture in a thin
plate of thickness t is shown on Fig. 3a with the key dimensions: tab radius R, interlocking angle θ 0 , length L and width of
the tab w, height of the upper and lower solid domains h. We assumed a thin plate, so plane stress conditions are used (the
model can easily be transposed to plane strain). The suture was subjected to a uniform pull by imposing:



uy (x, −h ) = 0
uy (x, L + h ) = u

(3)

The left and right boundaries were subjected to the periodic boundary conditions:



ux (w/2, y ) − ux (−w/2, y ) = wε̄x
uy (w/2, y ) = uy (−w/2, y )

(4)

Where ε̄x is the average strain in the x (transverse) direction. The geometry and the loading conditions are symmetric about
axis y (Fig. 3a) and therefore the displacements must also satisfy:

ux (x, y ) = −ux (−x, y )

(5)

Combining Eqs. (4) and (5) gives the periodic-symmetric boundary conditions:



ux (0, y )= 0
ux w2 , y = w2 ε̄x

(6)

We now note that ε̄x = 0 would involve elastic deformations in the two solid domains above and below the suture, with
uniform strains suﬃciently far from the jigsaw tab. However if h is suﬃciently large, the stiffness of the solid regions along
the transverse direction is high enough so that no deformation can occur in the transverse direction, ε̄x = 0. The boundary
conditions then simply become:



ux ( 0, y ) = 0
ux (w/2, y ) = 0

(7)

Fig. 3b shows the model after symmetry was applied, with the boundary conditions corresponding to Eqs. (3) and (7).
This simpliﬁed geometry was used to characterize the kinematics and equilibrium of the suture. Assuming that the elastic
deformations are negligible compared to the displacement generated by sliding at the interfaces and pullout, the comparison
of the initial and deformed conﬁgurations yields the kinematic relations:

(2R − δ ) cos θ = 2R cos θ0

(8)

u = 2R sin θ0 − (2R − δ ) sin θ

(9)
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In these expressions θ is the angle of the line intersecting the centers of the two circular tabs and δ is the interference
between the two tabs, which corresponds to the change of distance between the centers of the two tabs. Initially equal to
2R, that distance becomes 2R-δ as the tabs are pulled apart (Fig. 3b). The interference δ must be accommodated by local
deformations of the tabs, which are governed by contact mechanics. In this context, δ represents the relative “approach”
between the two rounded features of the tabs. The kinematics of the system is then fully characterized by the angle θ . During pullout θ decreases monotonically from +θ0 (initial conﬁguration) down to −θ0 (the tabs lose contact). The geometric
interference δ generates a contact force which results in the pullout force along the (vertical) axis of the tab, but also to
(horizontal) compressive forces FC in the tabs region on both left and right sides of the model. These compressive forces are
balanced by tensile forces FT on the left and right hand sides of the model, so that the sum of forces acting on the right
hand side of the model is zero (FC = 2FT , Fig. 3c). Fig. 3d shows a free body diagram of the lower tab only, which exposes
the contact forces decomposed as a normal force P and a frictional force fP acting against the direction of the pull. Balancing
these forces along the vertical direction gives the pullout force F:

F = 2P (sin θ + f cos θ )

(10)

The forces transmitted between the two tabs are determined from the solution for the contact between two identical
disks. The solution of this non-Hertzian contact mechanics problem provides the approach δ (corresponding to the interference deﬁned above and shown in Fig. 3b) as (Johnson, 1987):

δ=





a2
4R
2 ln
2R
a





−1

(11)

Where a is the half width of the contact surface which in plane stress is given by:

a2 =

4P R

(12)

π tE

where t is the thickness of the tab and E is the elastic modulus of the solid material. Eqs. (8)–(12) form a set of equations
which can be solved to determine the pullout force F as function of the pullout distance u, for different parameters R, θ 0
and E. The angle θ is used as a kinematic parameter which evolves from +θ0 to −θ0 during pullout. The non-dimensional
interference is ﬁrst determined from Eq. (8):

δ
R

=2 1−

cos θ0
cos θ

(13)

This expression is then combined with Eq. (9) to obtain the non-dimensional pullout distance:

u
sin θ0 − cos θ0 tan θ
=
L
1 + sin θ0

(14)

Here the opening u is normalized by the length of the tab L in order to get a measure of the global tensile strain in
the tab generated by pullout. Meanwhile, the non-dimensional interference can be used in combination with the contact
Eqs. (11) and (12) to give:

δ
R

=

 

2 P
RtE
ln 4π
π RtE
P



−1



(15)

This equation can be solved numerically to provide a non-dimensional contact force
determine the non-dimensional pullout force, using Eq. (10):

F
2P
=
(sin θ + f cos θ )
RtE
RtE

P
RtE ,

which can then be used to

(16)

F
However, here we prefer to use wtE
, which provides a direct measure of the average tensile stress applied on the suture
where w is the width of the tab Eq. (2) and Fig. 2a) and t is the thickness of the tab (wt is therefore the cross-sectional area
of the tab). Combining Eqs. (2) and ((16) gives:

F
P
=
wtE
RtE

sin θ + f cos θ
2 cos θ0

(17)

Fig. 4 shows a set of typical pullout responses obtained from this model. The pullout force-displacement curve for the
case with no friction (f = 0) has a sinusoidal shape where the pullout force increases up to a maximum value, and then
decreases again to zero at θ = 0. At this particular point the interference δ and the normal contact force P are maximum,
but since P acts along the direction transverse to the pull, this force does not generate any axial pullout force. Beyond
this point, the contact force P is acting along the direction of pullout, and the tabs “push” on one another. At this stage F
therefore becomes compressive to maintain equilibrium. The pullout force F eventually completely vanishes when the tabs
2 sin θ
lose contact, at θ = −θ0 , corresponding to uL = 1+sin θ0 . In the cases where f > 0, the additional frictional contact force fP
0

continuously resists pullout, which translates into a tensile pullout force even beyond θ = 0 (Fig. 4). Eq. (16) indicates that
if f > tan θ 0 , the pullout force F is positive throughout the entire pullout process.
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Fig. 4. Typical traction separation curves obtained from the analytical pullout model using three different friction coeﬃcients. The deformed shape of the
system is also showed at ﬁve different stages, from initial conﬁguration to complete pullout.

Fig. 5. Effects of (a) interlocking angle θ 0 and (b) friction f on the pullout response of the suture; effects of (c) interlocking angle θ 0 and (d) friction f on
maximum tensile stress in the solid tabs.
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Fig. 6. The two conﬁgurations used to derive the maximum stress in the tabs: (i) point force P applied radially on the inner edge of a hole in an inﬁnite
plate; (ii) sliding disk on a half space (normal force =P, frictional force = fP). In both cases, the location of the maximum tensile stress is shown. These two
solutions are superimposed to obtain the maximum stress in the solid part of the tabs.

Fig. 5a and b show the effects of the interlocking angle θ 0 , and friction coeﬃcient f on the pullout response of the
suture. We ﬁrst note that the pullout force is proportional to the modulus of the bulk material E, because the entire process
is governed by elastic deformations in the contact region. Higher interlocking angles θ 0 increase the strength because of
increased geometrical interlocking, and also increase the maximum pullout distance because the tabs stay in contact over a
longer pullout distance (Eq. (14)). Higher coeﬃcients of friction f increase the strength because of increased friction at the
contact point, but do not change the maximum pullout distance, which is governed by geometry only. The friction coeﬃcient
f and interlocking angle θ 0 have therefore positive effects on the strength and energy absorption. These parameters cannot
however be increased indeﬁnitely because the high stresses in the solid parts may fracture the tab, prematurely ending the
pullout process. This detrimental failure mode is considered in the next section of the analysis.
In this work we focus on the case where the tabs are made of a brittle material, so that failure of the solid tabs may be
predicted by monitoring the maximum principal stress in the tabs. The maximum tensile stress in the tabs was estimated by
combining two solutions: (i) a hole in an inﬁnite plate loaded by a point force (Fig. 6i), and (ii) frictional contact mechanics
(Fig. 6ii). In both cases, the maximum tensile stress occurs at the surface of the solid (in the direction tangential to the
surface), and at the trailing edge of the contact between the sliding tabs.
(i) Hole in an inﬁnite plate loaded by a frictionless pin in the in-plane direction (Ciavarella and Decuzzi, 2001; Persson,
1964): in this conﬁguration the inner side of a hole is loaded by a contact force acting along the radial direction
(Fig. 6i). The resulting maximum tensile stress is the tangential stress at the edge of the contact area. If the contact
area is small (a << R) then the stress is given by (Ciavarella and Decuzzi, 2001; Persson, 1964):
(P )
σmax
=

P 5−ν
Rt 2π

(18)

where v is the Poisson’s ratio of the solid material. The stress is simply proportional to the contact force P. We note
that if R → +∞ (which corresponds to the case of a point force applied in the normal direction on the surface of a
(P )
half-space), one recovers σmax
→ 0.
(ii) Sliding frictional contact: If f > 0, the sliding of the tab generates frictional forces and shear tractions acting on the
contact area. These surface tractions generate tensile stresses which are maximum at the trailing edge of the sliding
contact. Assuming that the contact area is small (a<<R) the effect of surface curvature can be neglected and the
maximum tangential stress is (Johnson, 1987):
( f P)
σmax
=

4P f

(19)

π ta

Superposition of these two solutions gives the total stress at the trailing edge of the contact:
( f P)
(P )
σmax = σmax
+ σmax
=

P 5−ν
4P f
+
Rt 2π
π ta

Or, after normalization:

σmax
E

=



1 P
R
(5 − ν ) + 8 f
2π RtE
a

(20)


(21)

Note that the stress is always highest at the edge of the contact region, even for f = 0. The tensile stress at the root of
the tab (at the smallest cross section) was always smaller than contact stresses. Fig. 5c and d shows the maximum stress
as function of normalized pullout distance. The maximum stress is always positive, even if the pullout force F becomes
negative. This can be explained by Eq. (21), which shows that σ max is proportional to the normal contact force P, which
is always positive. As expected, the maximum stress increases with interlocking angle and friction (Fig. 5c,d), and these
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Fig. 7. (a) An example of a meshed ﬁnite element model of the jigsaw tabs (θ 0 = 5°); (b) and (c) contour plots of maximum principal stress for θ 0 = 5°
and f = 0.4; (d) and (e) traction and stresses as function of pullout distance showing a good agreement between the analytical and ﬁnite elements results.

F
stresses can be up to 60 times higher than the pullout traction wtE
. The solutions also show that frictional stresses (second
term in Eq. (21)) largely govern the maximum stresses in the tab. Frictional stresses are therefore the main limiting factor
for the design of the tabs. Design and optimization are examined in more details in section V.

4. Finite elements simulations
In this section, we present ﬁnite element simulations for the pullout of the tabs. The objectives were to assess the validity
of key assumptions in the analytical model, and to develop a platform which may be used for more complex sutures where
analytical solutions may not be possible. Matlab (R2016a, MA, US) was used to automatically generate APDL input ﬁles for
ANSYS (version 15.0, PA, US) (ANSYS 2013) from the parameters f and θ 0 (R = 1 for all simulations). The bulk of the material
was meshed with quadratic, plane stress element (PLANE 183), and contact elements (CONTA 172, TARGE 169, symmetric
contact) were used to simulate sliding and frictional contact at the interface. The mesh was reﬁned to an element size of
R/50 0 0 near the interfaces to ensure converged, mesh independent results. Fig. 7a shows a typical ﬁnite element mesh for
the jigsaw geometry. The simulations were performed in about 400 time steps (checked for convergence) and the results
were post-processed automatically using ANSYS ADPL and Matlab. This procedure was used to automatically run models
(Barthelat and Mirkhalaf, 2013) for 80 combinations of θ 0 and f. Fig. 7d and e are representative comparisons which show
excellent agreement between the ﬁnite elements and analytical predictions in terms of pullout response and maximum
tensile stress within the material. The maximum stress from the ﬁnite element model also always occurred at the edge
of the contact region (Fig. 7b and c), in accordance with the predictions form the analytical solution. Finite elements and
analytical solutions are both subjected to approximations and therefore neither of these models are exact solutions that
could be used for validation. However, the fact that both models agree to a large extent suggests that they can capture the
response of the system with an acceptable level of accuracy. For the case of the simple jigsaw geometry considered here,
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Fig. 8. Mechanical properties of the jigsaw suture as function of interlocking angle θ 0 and friction coeﬃcient f. The properties are plotted as blue contour
lines on each of the diagrams. (a) stiffness; (b) strength; (c) maximum extension and (d) energy absorbed. In each case the red lines show limit designs for
which the tensile strength of the material is reached (σ s /E = 1/100 and σ s /E = 1/10 0 0). (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)

the analytical solution is easier and faster to implement and use, and therefore it was used for the design optimization
presented in the next section.
5. Design optimization
The models developed for pullout showed that increasing either θ 0 or f improves the pullout response of jigsaw tab,
but also gives rise to tensile stresses in the solid material which can fracture the tabs. This failure mode is considered
detrimental since it prematurely interrupts the dissipative mechanisms at the interfaces. Here we performed an optimization
approach based on exhaustive search of the design space to identify the best combination(s) of design parameters for any
given set of desired of normalized stiffness, strength, maximum extension, and energy absorption. The normalized stiffness
of the suture is deﬁned as:



E∗
d
F
=L
E
du wtE



max
The strength is simply FwtE
, the maximum elongation is
pullout force-displacement curve:

U
=
wtLE

umax
0

(22)

u=0

F du
wtE L

umax
L

and the energy absorbed is given by the area under the

(23)

Fig. 8a–d show contour lines (the blue lines) for these four properties as functions of f and θ 0 . All properties increase
with f and θ 0 . The frictionless case f = 0 can generate stiffness strength through purely geometric interlocking, but it does
not absorb energy. The limiting factor for the design is the fracture of the solid tabs, which is governed by the strength
σ
of the material. The tabs will therefore fracture when σmax = σS , or σmax
= ES where σ max is the maximum tensile stress
E
predicted from the model (Eq. (21)) and σ S is the tensile strength of the solid material. For most engineering materials the
σ
σ
1
ratio between the tensile strength and modulus is in the range of ES = 10100 to ES = 100
(Ashby, 2011). The contour lines for
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Fig. 9. Optimum parameters and mechanical properties for the limiting tensile strength of the bulk material for σ s /E = 1/100 and σ s /E = 1/10 0 0: (a) optimum stiffness; (b) optimum strength; (c) optimum maximum extension and (d) optimum energy absorbed.

σmax = 1 and σmax = 1 are therefore superimposed in red on Fig. 8a–d. These lines deﬁne the boundaries of gray areas
E
10 0 0
E
100
in the upper right portion of the diagram, and any combination of f and θ 0 in the greyed areas of these diagrams leads to
the brittle fracture of the tabs. The optimum designs in terms of f and θ 0 will make the most of the solid material and will
σ
lie one of the red lines corresponding to the ES ratio for the material considered. These diagrams can therefore be used to
identify the optimum suture properties that can be achieved by simply intersecting the contour lines of properties with the
limiting lines for tab fracture. For example, if the friction at the interface is f = 0.15 and the material of the tabs is relatively
σ
σ
1
1
strong ( ES = 100
), the point where the horizontal line f = 0.15 and the contour line ES = 100
intersect gives the optimum
max
interlocking angle of about θ 0 = 7°. In Fig. 8b that point corresponds to an optimum suture strength or about FwtE
= 0.2 ×
10−3 . The coordinates of these intercepts was collected for all values of f, with the results displayed on Fig. 9. These plots
can serve as guidelines for optimization: with a given friction coeﬃcient f, the optimum stiffness, strength, elongation and
energy absorption can be easily identiﬁed, along with the interlocking angle θ 0 that will achieve this optimized property.
For example, for relatively weak and stiff materials such as ceramics and glasses (σ s /E = 1/10 0 0), the value of interlocking
angles and friction coeﬃcients that will prevent tab fracture are small and cover a narrow range (θ 0 = 2°–4° and f = 0–
0.05). For stronger and/or more compliant materials such as metals and polymers (σ s /E = 1/100), the range of interlocking
angles and friction coeﬃcients that will prevent tab fracture is much wider (θ 0 = 2°–12° and f = 0–0.5). The optimization
results also reveals a counterintuitive but important guideline. Parametric studies show that higher coeﬃcient of friction
can promote strength, stiffness and energy absorption. However, the high frictional stresses at the interface also generate
large tensile stresses in the contact areas, which can precipitate the fracture of the tabs. In contrast, low friction coeﬃcients
minimize the tensile stresses in the contact regions, making it possible to use higher interlocking angles without fracturing
the tabs, which in turn generate high stiffness and strength. Interestingly, the optimization results show that the maximum
stiffness (Fig. 9a), strength (Fig. 9b) and extension (Fig. 9c) are actually achieved for f = 0 and high interlocking angle (θ 0
∼13° for σ s /E = 1/100). This result does not however apply to energy dissipation because friction at the interfaces is the
only dissipative mechanism in the system. Zero friction f = 0 leads to U = 0, which is undesirable for the toughness of the
suture. The trend in terms of energy is more complex and displays an optimum coeﬃcient of friction which is function of
the ratio σ s /E only. The models give an optimum friction coeﬃcient for energy absorption of f = 0.080 for σ s /E = 1/100 and
f = 0.018 for σ s /E = 1/10 0 0. These friction coeﬃcients are relatively small, but again for these optimized cases the frictional
energy dissipated at the interface can be magniﬁed by high interlocking angles.
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Fig. 10. 3D printed suture samples: diagrams showing (a) the shape and dimensions of the two parts of the samples and (b) the assembled sample; (c)
pictures of samples with different interlocking angles, before assembly.

6. 3D printing and mechanical testing
In order to validate the pullout models and to explore the optimum designs suggested above, we fabricated and tested
jigsaw like interlocked sutures using 3D printing and miniaturized mechanical testing. The solid material was Acrylonitrile
Butadiene Styrene (ABS) (EnvisionTech Perfactory, MI, US). A high resolution 3D printer (Micro HiRes Machine, EnvisionTech)
based on the digital light processing (DLP) technology (Studart, 2016; Tumbleston et al., 2015) was used for fabrication. This
particular 3D printer produces fully dense, isotropic solid components with a high level of geometrical ﬁdelity and very
smooth surfaces. We measured the mechanical properties of the as-printed ABS material using a three-point bending conﬁguration (N = 3), and found a modulus E = 1.7 ± 0.2 GPa, and a strength σ S = 118 ± 12 MPa (failure was brittle). We veriﬁed
that the material is isotropic by performing the same measurement along three different orientations with respect to the direction of printing. We also measured the kinetic coeﬃcient of friction of ABS on ABS using ASTM D1894 (American Society
for Testing and Materials 1894), revealing a coeﬃcient of friction f = 0.35 ± 0.04 (N = 3) for this material. Jigsaw-like sutures
consisting of a single tab with different interlocking angles θ 0 = 5°, 10°, 15°, 20°, with R = 1 mm and thickness t = 2 mm
(Fig. 10a) were 3D printed. The printing direction was along the out-of-plane direction for the tabs (axis z on Fig. 10a) and
the layer thickness was 50 μm. In order to prevent any gaps at the interface of the suture, the two solid parts of the sample
were printed individually, and then assembled by sliding along the out-of-plane direction (Fig. 10b and c). Two holes were
made in the samples to apply the pull-out force (Fig. 10a) through loading pins. Each sample contained a single interlocking tab, and in order to prevent lateral bending and transverse strains during pullout (which would not be representative
of a periodic suture), the total width of the sample was set to about ﬁve times the width of the tab. Pictures of the actual samples with three different interlocking angles are shown in Fig. 10c. The tests were performed at a pulling rate of
0.05 mm/s and with optical imaging to measure displacements. The pullout force F was divided by the cross section wt to
obtain the average stress applied onto the interlocking tab, and the pullout displacement u was normalized by the length of
the locking tab L. Three samples were tested for each geometry (N = 3) for repeatability. Fig. 11a shows the representative
pullout behavior of the suture for each of the four interlocking angles. The bell shape of the curves is similar to the theoretical predictions and has the characteristics of a progressive failure (Barthelat and Mirkhalaf, 2013). The stiffness, strength,
maximum elongation and energy absorption all increased with interlocking angle as predicted by the models. Sutures with
interlocking angle of 20° fractured prematurely, with cracks emanating from the edges of the contact region (Fig. 11a), also
in agreement with the stress analysis presented above. We compared the experimental pullout response for interlocking
angles θ 0 = 5°, 10°, 15°, 20° with the prediction of the models using the values E = 1.72 GPa and f = 0.35 measured experi-
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Fig. 11. Experiments on the jigsaw interlocked tabs. (a) representative pullout curves with different interlocking angles (θ 0 = 5°, 10°, 15°, 20°), with representative pictures showing two different failure modes: tab pullout and fracture. (b) comparison between simulation and experimental pullout curves for
sutures with θ 0 = 10°. (c) stiffness, (d) strength, and (e) energy absorption of the suture as a function of interlocking angle, with comparisons from models
(the error bars represent ± one standard deviation of the variable).

mentally for ABS. Experiments and models agreed well, Fig. 11b showing a representative comparison obtained for the case
θ 0 = 10°. Figs. 11c–e summarize the experimental properties of the suture and show how the stiffness, strength and energy
absorption increase with θ 0 , up to θ 0 = 15°. The model could capture the experimental values for each property over one
order of magnitude. On a logarithmic scales with a reference of 0.001 for the lower bound, the difference between model
and experiment was only 0.3–7% (Fig. 11c–e). On a linear scale the difference is larger and in the 5–25% range. The model
could therefore capture the experimental values relatively well for all properties. The tabs fractured at an interlocking angle
of 20°, which can also be compared with our models using E = 1.72 GPa, f = 0.35, Poisson’s ratio ν = 0.4 (typical value for
σ
rigid polymers (Tschoegl et al., 2002)), and σ s = 118 MPa corresponding to ES ≈ 0.07. Using these values, our model predicted that the tab would fractured for interlocking angles θ 0 > 14.66°. In the experiments the tabs were intact for θ 0 = 15°
but fractured for θ 0 = 20° the model therefore only slightly underestimated the strength of the tab. We did not observe
permanent, plastic deformations in the tabs, which is consistent with a yielding model based Johnson (1987) for frictional
contact problems.
Using Von-Mises yield criteria, the model predicts an onset of yielding at a maximum contact pressure of
√
( p0 )y = 0.8 3σy for a friction coeﬃcient of f = 0.35. With a 0.2% offset yield strength of ABS of σ y = 109.8 ± 8.7 MPa measured experimentally, the model predicts an onset of yielding at ( p0 )y =152.2 MPa. The maximum contact pressure for the
two identical disks is given by (Johnson, 1987):

p0 =

2P

π ta

(24)

The maximum force P occurs at the maximum interference between the tabs given by:

δmax = 2R(1 − cos θ0 )

(25)

By solving Eqs. (11), (12), (24) and (25) numerically, we determined that the tabs start to yield at interlocking angle

θ 0 = 16.6° which is more than the interlocking angle θ 0 = 14.7° at which the tabs fracture in a brittle fashion. The implication

is that the state of the stresses within the tabs is such that the tabs break before they yield. This prediction agrees with the
experiments: the tabs fail catastrophically with little or no plastic deformation.
The models and optimization presented in the previous sections suggest that lower coeﬃcient of friction at the interface
would increase the overall properties of the optimized tab, a seemingly counter intuitive result we wanted to verify experimentally. We reduced the coeﬃcient of friction by using paraﬃn as lubricant (Jia et al., 2007) and measured f = 0.142 ± 0.021
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Fig. 12. Experimental results from sutures with reduced friction coeﬃcient: (a) representative pullout behavior of the lubricated tab with different interlocking angles (θ 0 = 10°, 20°, 30°, 35°, 40°) with pictures showing two different failure modes. (b) stiffness, (c) strength, and (d) energy absorption of the
lubricated suture as functions of interlocking angle. Comparison between dry and lubricated cases is also shown (the error bars represent ±one standard
deviation of the variable).

using a standard friction test (American Society for Testing and Materials 1894). This value of friction coeﬃcient is about 2.5
times lower than the dry case. We fabricated a new batch of sutured materials with interlocking angles of θ 0 = 10°, 20°, 30°,
35°, and 40°. Prior to assembly of the samples, a thin coating of paraﬃn was applied on the inner surfaces of the tabs. A set
of representative experimental pullout curves are shown in Fig. 12a. With a reduced friction, the interlocking angle could
be increased to θ 0 = 35° without breaking the tabs, as predicted by the model. However the model could not match the
experimental curves, which we attributed to the extensive plastic deformations in the tabs (these limitations of our models
would not apply when designing sutures in ceramics or glasses). Nevertheless, the experimental results (Fig. 12b,c and d)
conﬁrmed that signiﬁcantly higher stiffness, strength and energy absorption can be achieved at higher interlocking angles
with a lower coeﬃcient of friction. The stiffness, strength and energy absorption of the lubricated suture with the optimum
interlocking angle of θ 0 = 35°, were 2.5, 2 and 2.7 times higher than the highest stiffness, strength and energy absorption
achieved with the non-lubricated samples (at θ 0 = 15°).
A potential application of the jigsaw-like suture exploits its energy absorption and toughness, as seen in recent examples
of all-brittle architectured materials that combine surface hardness with deformability, energy absorption and impact resistance (Mirkhalaf et al., 2014, Malik and Barthelat, 2016; Mirkhalaf et al., 2016). Here we calculated the effective toughness of
the sutured interface with the toughness of ABS. The fracture toughness of plain ABS was measured using a 3-point-bending
fracture test conﬁguration (Standard, 2001) and was found to be JS = 300 ± 28.6 J.m−2 . By interpreting the pullout data as
a traction separation law which would govern the mode I fracture of the suture, the effective toughness of the suture is
simply the area under the experimental traction (F/wt) separation (u) curve. Using this method we measured a toughness
J = 13.76 ± 1.7 kJ.m−2 for the optimum suture (θ 0 = 35°, lubricated), which is about 45 higher than plain ABS. Incorporating
sutures is therefore a powerful method to increase the effective toughness of materials and structures.
7. Summary
Sutured materials are prominent in natural materials and they are now attracting an increasing amount of attention in
the context of bio-inspired engineering applications. The strength and fracture mechanics of these sutures were characterized in the past for sinusoidal morphologies (Zavattieri et al., 2008, Cordisco et al., 2016), or more complex interlocking
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morphologies but only at small strains (Achrai et al., 2014, Li et al., 2012, Li et al., 2013). In this work we proposed, for the
ﬁrst time, a model that captures the complete pullout of jigsaw-like features over long distances, with progressive interlocking and frictional interactions at the interfaces. The model also provides the maximum tensile stress in the solid parts of
the tabs, which can be used to predict and prevent the brittle fracture of the tabs. The main conclusions from the models
are as follow:
•
•

•

•

The resistance to pull-out of the suture increases with angle θ 0 and friction coeﬃcient f.
The highest tensile stresses in the solid are generated by frictional tractions at the contact between the tabs, and occur
at the edge of the contact area. These stresses are always signiﬁcantly larger than the tensile stresses occurring in the
smallest cross section of the tabs.
The design guidelines we present here are useful for non-adhesive contact of jigsaw-like sutures in any brittle material
subjected to tensile loading.
Optimization revealed that to maximize stiffness, strength and energy absorption it is preferable to use low coeﬃcients
of friction to minimize the stresses near the frictional contact, combined with high interlocking angles to generate high
structural properties for the suture.

We validated the models and these observations by 3D printing and testing actual jigsaw interlocked tabs made of ABS,
a relatively brittle polymer. Good agreements between the predicted and actual pullout curves were obtained for different
interlocking angles. The models also predicted the failure of tabs with a good accuracy, in terms of both the interlocking
angle at which the tabs start to break and the location of the failure (trailing edge of the contact). We ﬁnally veriﬁed experimentally by lubricating the interfaces that designs with low coeﬃcients of friction and high interlocking angles lead to
higher properties overall, including higher energy dissipation. The suture interface is particularly remarkable for its toughness: we found that it is 45 times tougher than plain ABS (in J-terms). These models and optimization results therefore
provide a robust platform for the design and optimization of jigsaw-like sutures, which can be exploited in compliant interfaces (Dunlop et al., 2011, Achrai et al., 2014), in morphologically enhanced bond lines (Miura et al., 2009), and in damping
and shock absorbing applications (Saunders et al., 1999). Dense network of sutures in materials can lead to unusual and
attractive homogenized performance which can surpass monolithic materials: enhanced toughness, deformation and energy
absorption in otherwise fragile materials (Mirkhalaf et al., 2014, Malik and Barthelat, 2016). Finally, the models presented
here are restricted to simple jigsaw geometries with only two geometrical parameters (curvature and interlocking angle). Enriching the shape of the suture is likely to generate a wider range of properties, for example by generating “double locking”
upon pullout (Mirkhalaf and Barthelat, 2017). The models developed here can serve as a starting point for the exploration
and optimization of these more complex suture morphologies.
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