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Nacre, bone and spider silk are staggered composites where inclusions of high aspect ratio
reinforce a softer matrix. Such staggered composites have emerged through natural
selection as the best configuration to produce stiffness, strength and toughness simultaneously. As a result, these remarkable materials are increasingly serving as model for
synthetic composites with unusual and attractive performance. While several models
have been developed to predict basic properties for biological and bio-inspired staggered
composites, the designer is still left to struggle with finding optimum parameters.
Unresolved issues include choosing optimum properties for inclusions and matrix, and
resolving the contradictory effects of certain design variables. Here we overcome these
difficulties with a multi-objective optimization for simultaneous high stiffness, strength
and energy absorption in staggered composites. Our optimization scheme includes
material properties for inclusions and matrix as design variables. This process reveals
new guidelines, for example the staggered microstructure is only advantageous if the
tablets are at least five times stronger than the interfaces, and only if high volume
concentrations of tablets are used. We finally compile the results into a step-by-step
optimization procedure which can be applied for the design of any type of highperformance staggered composite and at any length scale. The procedure produces
optimum designs which are consistent with the materials and microstructure of natural
nacre, confirming that this natural material is indeed optimized for mechanical performance.
& 2014 Elsevier Ltd. All rights reserved.
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1. Introduction
High-performance biological materials such as bone, teeth, mollusk shells, arthropod shells or spider silk boast
impressive mechanical properties which are currently unmatched by their engineering counterparts (Meyers et al.,
2008). The keys to this performance are sophisticated microstructure organized over several hierarchical length scales,
resulting in mechanisms which greatly “amplify” the properties of their relatively weak ingredients (Fratzl and Weinkamer,
2007; Ortiz and Boyce, 2008; Espinosa et al., 2009). The structure and mechanisms of these natural materials are therefore
attracting an increasing amount of attention, and are also inspiring the development of novel biomimetic materials with
superior performance (Espinosa et al., 2009; Mayer, 2005; Barthelat, 2007). In this area, nacre from mollusk shells has now
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Fig. 1. (a) SEM image of nacre from Trochus Niloticus (Top shell); (b) schematic of the three-dimensional staggered structure of nacre with deformation and
failure mechanism (adapted from (Barthelat et al., 2007)).

become the archetype of the natural “model” for bio-inspired hard materials. Nacre is a staggered composite made of
microscopic mineral tablets with high aspect ratio, arranged in a three dimensional fashion. These microscopic bricks
represent 95% in volume of nacre, with the remaining 5% consisting of proteins and polysaccharides which act as “mortar”,
providing cohesion and energy dissipation to the material (Jackson et al., 1988) (Fig. 1a). Nacre is almost as stiff as the
mineral it is made of, yet its staggered structure makes it three orders of magnitude tougher (in energy terms) (Espinosa et
al., 2009). The controlled “sliding” of the tablets on one another and the associated energy dissipation have been identified
as the main source of toughness for nacre (Espinosa et al., 2009; Jackson et al., 1988; Wang et al., 2001) (Fig. 1b). In this type
of process zone mechanism, the toughness (as in energy dissipated per increment of crack advance) is largely governed by
the energy dissipated per unit volume of material in tension (Barthelat and Rabiei, 2011). This structure and mechanism are
so efficient that at least four distinct classes of mollusk shells have independently evolved a staggered microstructure, in a
remarkable example of convergent evolution (Vendrasco et al., 2011). Moreover the staggered microstructure is also found
in bone (Gupta et al., 2005), tooth enamel (He and Swain, 2008), spider silk (Keten et al. 2010; Gosline et al., 1999) and wood
(Fernandes et al., 2011). The recurrence of the staggered arrangement in nature therefore makes it a “Universal” pattern
(Espinosa et al., 2009). Genetic algorithm and brute force exploration indeed recently demonstrated that the staggered
structure is the most efficient configuration to generate stiffness, strength and toughness simultaneously (Guo and Gao,
2006; Gao, 2006; Barthelat and Mirkhalaf, 2013). Mimicking the staggered structure in synthetic composite has therefore a
tremendous potential, which is just starting to be realized in synthetic materials (Espinosa et al., 2009; Dimas et al., 2013;
Barthelat and Zhu, 2011; Bonderer et al., 2008; Wegst et al., 2010; Luz and Mano, 2009).
A variety of theoretical and numerical models have been developed in the past to aid the understanding of natural
staggered materials and to establish design guidelines for bio-inspired synthetic composites. Relatively simple twodimensional theoretical models are available to predict basic properties such as stiffness (Jager and Fratzl, 2000; Kotha et al.,
2001; Bar-On and Wagner, 2013), strength (Jackson et al., 1988; Gao, 2006) and toughness (Espinosa et al., 2009; Gao, 2006;
Okumura and de Gennes, 2001; Shao et al., 2012). More sophisticated numerical models captured the details of deformation
and crack propagation mechanisms in two and three-dimensional structures (Dimas et al., 2013; Barthelat et al., 2007; Katti
et al., 2001). The insights emerging from these models are very useful to the designer of nacre-like materials. For example,
the size of the inclusions should be small to increase their strength (Currey, 1977; Gao et al., 2003). The overlap between the
tablets should be large to promote high stiffness, strength and toughness, but the overlap should be within limit imposed by
the fracture of the tablets themselves (Jackson et al., 1988; Gao, 2006; Bonderer et al., 2008; Barthelat et al., 2013). Optimum
overlaps associated to the length of the cohesive zone within the interface (Chen et al., 2009) or to optimum strain energy
storage (Wei et al., 2012) were also proposed. In addition recent contributions have attempted to develop unified guidelines
for the design and fabrication of nacre-like materials (Bonderer et al., 2008; Wei et al., 2012). In particular Begley et al.
(2012) have recently proposed systematic design guidelines and comparisons with synthetic nacre-like materials. They
established deformation maps for staggered composites, suggested materials for the inclusions and their interface, and
provided guidelines for the size of the inclusions. Gao, (2006) examined how the staggered structure addresses the
problems of high stiffness, high strength and high toughness simultaneously, and also examined the effect of structural
hierarchy on overall performance . This idea was explored in more details by Zhang et al. (2011), who concluded that there
are specific numbers of hierarchical levels which maximize overall toughness (strength decreases continuously as additional
levels of structural hierarchy are added).
Despite progress in integrating models into unifying design guidelines, there are still limitations and drawbacks to the
proposed approaches. For example it is recognized that increasing the aspect ratio of the inclusions can lead to higher
performance, with limitations dictated by the strength of the inclusions themselves (Jackson et al., 1988; Gao, 2006;
Bonderer et al., 2008; Barthelat et al., 2013). The failure of the inclusions is typically modeled with a criterion based on
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maximum average stress across the inclusions, but this criterion was recently shown to overestimate their overall strength
(Barthelat et al., 2013). In addition, recommendations from different models are contradictory. For example high mineral
content promotes stiffness and strength, but is detrimental to energy absorption and toughness. While it is known that
many of the design parameters have contradicting effects on strength and toughness (Barthelat and Rabiei, 2011; Gao, 2006;
Begley et al., 2012; Zhang et al., 2011), a multi-objective optimization of stiffness, strength and toughness has not so far been
attempted. As a result, there is currently no systematic approach to resolve the conflicting effects of some of the structural
design parameters. Finally, other sets of design parameters have similar effects on basic properties. For example increasing
tablet overlap and increasing the strength of the interfaces have similar effect on overall strength, so that an infinite number
of their combinations may lead, in theory, to the same properties. Whether there is a particular combination of interface
strength and tablet overlap which maximizes performance is currently unknown. While previous guidelines suggest specific
materials for the inclusions and their interfaces (Begley et al., 2012), material selection was never formally integrated into
the optimization process. Despite these various models and guidelines, the designer is therefore still left to struggle with
material choice and optimum structure, and the design of optimum synthetic staggered composites is still largely based on
trial and error.
In this paper we propose a systematic approach to incorporating the existing models into unified guidelines formulated
with the needs of the designer in mind. Existing models for modulus, strength and energy absorption are integrated into a
multi-objective optimization scheme which integrates not only microstructural design, but also the material properties of
the inclusions and of their interfaces as design parameters. The results lead to step-by-step guidelines to choosing materials
for the interfaces and tablets, tablet aspect ratio, volume concentration of tablets and length scale, all for any desired
combination of optimum stiffness, strength and toughness. The results of this new design procedure are compared to the
structure of natural nacre, and the implications for the design of modern bio-inspired composites are discussed.
2. Representative volume element (RVE): overview
In general, staggered composites are composed of inclusions with a high aspect ratio, and aligned with the direction of
loading (Fig. 2). Here we focus on a nacre-like material for which the inclusions are tablets. The tablets may have a relatively
well-defined arrangement with a narrow range of overlap length (columnar, Fig. 2a) or a more random arrangement where
the position of the tablet across layers shows no correlation (sheet, Fig. 2b). The mechanics of any of these two
configurations may be captured by a representative element (RVE) whose behavior is assumed to represent the entire
material. The staggered microstructure is three dimensional, which can be computationally expensive to capture in models.
Therefore a two-dimensional RVE (Fig. 2c) is typically used to predict modulus, strength, energy absorption and strain at
failure for the composite material. Staggered microstructures are found in natural materials and tissues whose primary
function is to withstand uniaxial or biaxial tension, and the inclusions (rods, fibers or tablets) are always aligned with the
direction of tensile load. For example, strands of spider silk function as ropes which must carry tensile forces. The beta sheet
crystals are aligned with the strand, in order to maximize mechanical performance when the strand in loaded in tension
(Gosline et al., 1999). The function of mollusk shells is to protect the soft tissues of the animal against predator's bites or
debris and rocks displaced by underwater currents and waves. The localized forces generated by these threats generate
bending stresses in the shell, where the nacreous layer is in biaxial tension within a plane tangential to the inner surface of
the shell (Yourdkhani et al., 2011). The microstructure of nacre maximizes performance for this loading mode, with tablets
aligned with the direction of in-plane tensile stresses. Although other loading modes (transverse shear, compression) may
also exist for biological or bio-inspired composites, the primary function of staggered composites is to generate stiffness,
strength and toughness along the direction of the inclusions. For this reason, most of the models developed in the past for

Fig. 2. Two possible arrangements for the tablets (a) columnar and (b) sheet (random); (c) the mechanical response of these different arrangements can be
captured with a representative volume element (RVE) subjected to periodic boundary conditions.
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staggered composites focus on uniaxial tension along the direction of the tablets. In this work we therefore also focus on
tensile loading along the direction of the tablets. The model is subjected to periodic boundary conditions along and across
the directions of the tablets. The conditions are enforced by imposing periodicity on the displacements or on the tractions
(Kotha et al., 2001; Wei et al., 2012), which is equivalent since the microstructure is periodic (Barthelat et al., 2007). This
two-dimensional approach is only an approximation, which is nevertheless useful to draw trends in terms of prediction of
properties and design guidelines. The key microstructural parameters are the tablet length L, the overlap length L0 , the
tablet thickness t t and the interface thickness t i . In some models presented in the past the tablets automatically fully
overlap, i.e. L0 ¼ 12L. The overlap in natural and engineered materials can be much smaller, which has significant impacts on
mechanical properties. Therefore in this work we consider the full range of overlap: 0 o L0 =L r0:5. Actual biological and
engineering structures display spatial variations in overlap lengths, following distributions which can be relatively narrow
(as in the case of columnar nacre and some synthetic micro-composites) or very wide and even uniform (as in the case of
sheet nacre and synthetic nano-composites). It is generally accepted that modeling these complex micro-structures with a
single unit cell gives a reasonable representation of the mechanical response of the material, which is sufficiently reliable to
examine trends and establish broad design guidelines.
Using the dimensions of the structure the volume fraction of the tablets can be written
ϕ¼

tt
t t þt i

ð1Þ

It is also useful to define the aspect ratio for the tablets
ρ¼

L
tt

ð2Þ

And the aspect ratio of the overlap region
ρ0 ¼

L0
tt

ð3Þ

Finally the overlap ratio κ can be written
κ¼

L0 ρ0
¼ with 0 o κ r 0:5
L
ρ

ð4Þ

For the case of fully overlapping tablets, κ ¼ 0:5(symmetric RVE (Begley et al., 2012)). If the arrangement of the tablets
does not show any spatial relationship across layers, then the overlap length of the tablets obeys a uniform probability
distributed over 0 o κ r0:5, leading to an average overlap ratio of κ ¼ 0:25.
3. Properties of the tablets and interfaces
The tablets are made of a linear elastic and brittle material with modulus Et and fracture toughness K IC . The objective of
the models is to draw global trends and guidelines, for which only approximations for the materials parameters are
sufficient. The effects of the Poisson's ratio for the tablets are therefore neglected to simplify the calculations. The tensile
strength of the brittle tablets is governed by linear fracture mechanics, and it is given by
σt ¼

K IC
pﬃﬃﬃﬃﬃﬃ
f 0 πa

ð5Þ

Where a is the length of an edge defect in the tablet and f 0 is a non-dimensional geometrical factor given by (Tada et al.,
2000)
f 0 ða=t t Þ ¼ 1:12  0:23ða=t t Þ þ 10:6ða=t t Þ2 21:8ða=t t Þ3 þ 30:4ða=t t Þ4

ð6Þ

The only energy that the tablets absorb upon failure is by generating new surfaces, which is extremely small compared to
the amount of energy dissipated at the visco-plastic interfaces. We therefore neglect the amount of mechanical energy
absorbed by the tablets ðU t  0Þ. The interfaces are modeled as linear elastic-perfectly plastic with modulus Ei , strength σ i
and tensile strain at failure εi . Assuming that the yielding of the interfaces is governed by Von Mises plasticity, the shear
strength of the interface is given by
σi
τi ¼ pﬃﬃﬃ
3
The shear strain at failure of the interface is given by Shrivastava et al. (1982):
pﬃﬃﬃ
γ i ¼ 3 εi

ð7Þ

ð8Þ

Neglecting the amount of elastic energy stored and released in the interface, the energy dissipated per unit volume of
interface material is therefore
U i ¼ σ i εi ¼ τ i γ i

ð9Þ
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The following sections will now examine the mechanical response of the RVE as function of the microstructural parameters
and materials properties for the tablet ðEt ; K IC Þ and the interfaces ðEi ; σ i ; εi Þ.
4. Basic mechanical properties
In the models presented below we assume that the ends of the tablets are free i.e., there is no material between the
vertical junctions in the tablets. The solutions used below are therefore simplified and focus on capture the main
mechanism associated with the RVE, which is a “shear–tension–shear” configuration (Jager and Fratzl, 2000; Kotha et al.,
2001) where the tablets are in tension and the interfaces are in shear. Material at the vertical junctions stiffen and
strengthen the composite (Begley et al., 2012; Bekah et al., 2011; Bar-On and Wagner, 2011). These junctions fail in tension
either by adhesive or cohesive failure, but their contribution on post yield behavior is difficult to assess since tough synthetic
and biological composites tend to form ligaments in tension (Jackson et al., 1988; Smith et al., 1999). The tensile stress in the
tablets and the shear stress in the interface are, in general, not uniform. The exact profile of these stresses in the elastic and
elastic–plastic regimes are important to determine the quality of the load transfer between tablets, properties such as
composite modulus, and to predict the fracture of the tablets. Focusing on an individual overlap region within the
composite, the distribution of shear stresses along the interface is governed by a nondimensional “elastic shear transfer”
number (Kotha et al., 2001; Wei et al., 2012; Volkersen, 1938) which can be written (Barthelat et al., 2013)
sﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gi t t
β0 ¼ ρ0
ð10Þ
Et t i
Here ρ0 is the overlap ratio, Gi is the shear modulus of the interfaces, Et is Young's modulus of the tablets, and t t and t i are
the thicknesses of the tablets and interfaces, respectively. Using Eq. (1) and assuming Gi ¼ Ei =3 for an incompressible
interface, Eq. (10) can be written
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 Ei ϕ
β0 ¼ ρ0
ð11Þ
3 Et 1  ϕ
Where ϕ is the volume concentration of the tablets. For β0  1 or smaller, the shear stress is quasi-uniform along the overlap
length. This case corresponds to staggered composites where the interfaces are significantly softer than the tablets (i.e.
lower interface modulus and/or high interface thickness), and/or small overlap ratio ρ0 . On the other hand, for larger β0 the
shear stresses become more concentrated near the ends of the overlap regions, For larger values of β0 the shear stress
completely vanishes over a characteristic distance L0 =2β0 from the ends of the overlap region (Chen et al., 2009). In all cases
the shear stress decreases abruptly to zero at the free surface (Adams and Peppiatt, 1974). In addition to high shear stresses,
peel stresses (tensile stress perpendicular to the interfaces) also appear at the ends of the overlap regions for high values of
β0 (Barthelat et al., 2013). In this case the ends of the interfaces can be regarded as stress concentrations which accelerate
failure and are therefore detrimental. Large values of β0 also lead to less efficient structures: for β0  10 and higher, the
interface located in the central region of the overlap region does not carry any stress, and does not provide any contribution
to the structural performance of the composite. Finally, inhomogeneous shear stress transfer increases the risk of fracturing
the tablets as discussed in Section 5 of this article. For the extreme case where β0 ¼ þ 1, shear stresses are transferred
through pairs of point forces applied at the ends of the overlap regions (Barthelat et al., 2013). This extreme case can serve as
the basis for the conservative form of the design guidelines.
4.1. Modulus
Using the profile of shear stress at the interfaces as well as the tensile stress field within the tablets Kotha et al. (2001)
computed the modulus of the composite RVE in tension along the direction of the tablets, assuming that the interface do not
carry tensile stresses. Their result can be written in the simplified form
E¼

ϕEt
1 þ cothðβ0 Þ=β0

ð12Þ

Where ϕ is the tablet concentration, Et is the tablet modulus, and β0 is the shear transfer parameter given by Eq. (11). This
model is based on a simple form of the shear–tension model where there are no gaps and no matrix at the ends of the
tablets. Adding matrix material at the ends of the tablets provides additional stiffness and strength (Bekah et al., 2011), and
the effect of gaps can also be significant (Bar-On and Wagner, 2013). In addition, confinement effects at the ends of the
tablets can generate additional stiffness which can be appreciable when the interface approach the incompressibility limit
(Liu et al., 2006). These more complex cases were not considered here for the sake of simplicity. We however used an
improved version of the shear–tension model by considering the case of a non-symmetric RVE (Begley et al., 2012;
Yourdkhani et al., 2011) made of an overlap region of length L0 ¼ κL, and of a core region of length L L0 ¼ ð1 κ ÞL When this
asymmetric RVE is subjected to tension the two regions act in series, so that the modulus of the composite is given by
1
κ 1κ
¼ þ
E c E0
E1

ð13Þ
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Fig. 3. (a) Normalized stiffness as function of tablet aspect ratio ρ for three different tablet concentrations and for Ei =Et ¼ 0:1 and κ ¼ 0:25. All
concentrations converge towards the Voigt composite model for large aspect ratios. (b) normalized stiffness as function of overlap ratio κ for three different
tablet concentrations and for Ei =Et ¼ 0:1 and ρ ¼ 20.

Where E0 is the tensile modulus of the overlap region of the RVE and E1 is the tensile modulus of the core region of the RVE.
Using Eq. (12) but replacing β0 with β1 ¼ 1 κ κβ0 for the core region leads to
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ϕEt
1 Ei ϕ


 with β0 ¼ κρ
Ec ¼
ð14Þ
3 Et 1  ϕ
1 þ βκ cothðβ0 Þ þ coth 1 κ κβ0
0

This result is similar to the studies on non-symmetric RVEs by Yourdkhani et al. (2011) and Begley et al. (2012). The
solution presented here is however simpler because the vertical junctions were not included. Eq. (14) shows that the
modulus is simply function of the tablet modulus Et , tablet concentration ϕ, load transfer number β0 and overlap ratio κ.
Fig. 3a shows how the modulus initially rapidly increases with aspect ratio, and converges towards lim ðEc Þ ¼ ϕEt which is
ρ- þ 1
simply the Voigt composite model for the case where the interfaces do not carry any tensile stress (note that the Reuss lower
bond is zero since the RVE contains crack-like initial features with zero modulus). Higher tablet concentrations lead to
higher composite modulus, and also make the modulus converge towards the Voigt limit faster. Fig. 3b shows how the
modulus increases with the overlap ratio κ, with the maximum modulus occurring when the tablets fully overlap, i.e. for
κ ¼ 0:5. The modulus approaches this maximum value faster for higher concentration. For example for ϕ ¼ 0:9 the modulus
reaches 90% of its maximum value ðκ ¼ 0:5Þ for κ ¼ 0:04. This result implies that for high tablet concentrations, variations in
overlap ratios have little effects on the overall modulus, an interesting results exploited in natural materials. In summary
high tablet concentrations not only lead to higher modulus, they also lead to configurations which are less sensitive to
aspect ratio and overlap ratio, resulting in more robust microstructures. On the other hand, combinations of low values for ρ,
κ and ϕ lead to very low values for the modulus, in some cases even below the modulus of the interfaces themselves (dashed
lines on Fig. 3a and b). In particular, if ϕ is too low (ϕ¼0.1 is shown on Fig. 3), the modulus of the composite is below the
modulus of the interface. For these cases the staggered structure is therefore detrimental to stiffness. Changing the contrast
of stiffness Ei =Et between interface and tablet changed the absolute values for the composite stiffness, but not the overall
trends and general observations.
4.2. Strength and optimal load transfer
For the case of ductile interfaces and if β0 40, yielding will initiate first at the ends of the overlap region from the
combined effect of high shear stresses and peel stresses at these locations. As the tensile stress on the RVE is increased the
plastic region will propagate towards the middle of the overlap (Kotha et al., 2001; Wei et al., 2012). Once the interface is
fully yielded and if the interface is perfectly plastic the shear stresses are uniform and the peel stresses vanish, a
configuration which becomes similar to the elastic case β0 ¼ 0 discussed above. For simplicity we take the point where the
interface has fully yielded as the yield point for the RVE and for the staggered composite. Upon yielding of the interface the
maximum force carried by the tablet is L0 τi , and neglecting the tensile stress carried by the interface the strength of the RVE
is
σc ¼

L0 τ i
tt þ ti

ð15Þ

Which can be rewritten using Eqs. (1) and (3)
σ c ¼ ϕρ0 τi

ð16Þ

This equation is similar to the results presented in Gao (2006), Bekah et al. (2011) Begley et al. (2012). The present result
is however more general because it includes asymmetric cases where κo0.5. Eq. (16) shows how the strength of the
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interfaces is amplified by the factor ϕρ0 in the staggered composite. It also suggests that the staggered structure does not
guarantee a composite strength higher than the strength of the interface material. The tablets strengthen the material only if
σ c 4 σ i or if
pﬃﬃﬃ
ϕρ0 4 3
ð17Þ
The implication is similar to modulus: in terms of strength, the staggered structure is only advantageous for high tablet
concentration and/or high overlap between tablets. Eq. (16) also assumes that the interface fully yields before the shear
strain at the ends of the overlap region reaches its maximum value γ i . This condition was examined by Gao (2006), Chen
et al. (2009), who considered the length λ of the cohesive zone:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Et 1  ϕ
γ
λ ¼ tt
ð18Þ
τi ϕ i
Where τi is the shear strength of the interface and γ i is the shear strain at failure. The condition for the entire overlap region
to yield before the interface entirely fails at the ends of the overlap region is L0 r 2λ, or
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Et γ i 1  ϕ
ρ0 r 2
ð19Þ
τi ϕ
Eq. (19) can be interpreted as a condition for the interface to fail in a ductile fashion, as opposed to a brittle failure.
Importantly, this result implies that even with a relatively “ductile” material at the interface, the composite may fail in a
brittle fashion if the overlap length is too large.
4.3. Strain at failure
If the overlap region is smaller than the core region and if no hardening mechanism operates at the interface (as assumed
above), yielding will only occur in the overlap region by way of the “weakest link” principle. The strain produced by the core
region therefore becomes negligible in the post-yield regime, and the tensile strain at failure for the composite is simply
given by
εc ¼

1ϕ 1
γ
ϕ ρ i

ð20Þ

Where γ i is the shear strain at failure of the interface. The strain at failure εc is larger for lower tablet concentration and
smaller overlap ratio, which highlights contradictory effects in this material: while high tablet concentrations and high
overlap ratios lead to high modulus and strength, they result in smaller strains at failure and in materials which are more
brittle. In terms of strain at failure the staggered structure is also only advantageous only if the strain at failure of the
composite is greater than the strain at failure of the brittle tablets. This condition can be written:
1ϕ 1
γ 4εt
ϕ ρ i

ð21Þ

Where εt ¼ σ t =Et . On the other hand, the strain at failure for the composite may also be greater than the strain at failure of
the interface material. The condition for this case is obtained by replacing Eqs. (8) and (20) into εc 4 εi giving
1ϕ 1
1
4 pﬃﬃﬃ
ϕ ρ
3

ð22Þ

Eq. (22) shows that the staggered structure may also amplify the strain at failure of the interface material because of the
way the tablets channel shear deformations.
4.4. Energy absorption
The energy absorption of the composite is defined as the amount of mechanical energy absorbed per unit volume of the
composite when it is deformed up to failure. The energy absorption is an important property which has a direct influence on
toughness and on resistance to cracking (Espinosa et al., 2009; Shao et al., 2012). The tablets are assumed to be linear elastic
and therefore only the interfaces at the overlap region absorb energy. The energy absorption for the composite is then given by
U c ¼ σ c εc ¼ κτi γ i ð1 ϕÞ

ð23Þ

The energy absorption decreases linearly as the volume fraction of the tablets increases, since the tablets do not absorb energy.
In addition, since only a fraction κ of the interface dissipates energy, larger overlap ratios lead to higher energy dissipation. The
basic tensile properties of the RVE are summarized in Table 1. These models are identical or similar to those developed in
the past for staggered composites (Gao, 2006; Kotha et al., 2001; Wei et al., 2012; Begley et al., 2012; Bar-On and Wagner, 2013;
Lei et al., 2013).
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Table 1
Models for the tensile properties of the RVE.
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

“Elastic shear transfer” number

β 0 ¼ ρ0

Composite modulus

Ec ¼ 1 þ

Composite strength
Composite energy absorption
Composite strain at failure

1 Ei ϕ
3 Et 1  ϕ

ϕEt

½cothðβ0 Þ þ
σ c ¼ ϕρ0 τi
U c ¼ κτi γ i ð1  ϕÞ
κ
β0

κ
cothð1 
κ β 0 Þ

εc ¼ 1 ϕ ϕ 1ργ i

Fig. 4. (a) Contours of the tablets from two consecutive layers in red abalone; (b) distribution of the tablet length and the overlap length obtained from
image analysis; (c) experimental (from (Barthelat et al., 2007)) and predicted tensile stress strain curves for red abalone nacre.

4.5. Comparison with nacre
We can now compare these predictions with experimental results for nacre from red abalone. For nacre ϕ  0:95.
The thickness of the tablets in red abalone is t ¼ 0:45 μm obtained from cross section images of nacre (Barthelat et al., 2007).
The tablet length and overlap is more difficult to obtain, because of the complex three-dimensional architecture of nacre.
Reasonable estimate can however be obtained by analysis of the contours of the tablets from two consecutive layers,
obtained from optical microscopy (Barthelat et al., 2007) (Fig. 4a). The apparent length of the tablet can be determined by
measuring the intersect length between a straight line (line probe) and the two dimensional contours of the tablets. We
have used horizontal and vertical line probes on Fig. 4a to obtain the statistics of Fig. 4b. Line probes at any other angles give
the same average and standard deviation for the overlap, showing that the structure is isotropic in plane. The results of this
analysis (Fig. 4b) give L  6 μm and L0  1 μm (Note that the overlap length can be as large as 2 3 μm). Together these values
give ρ  13, and κ  0:17.
Previous experiments on the mineral tablets in nacre gave Et  100 GPa (Barthelat et al., 2006), and shear tests
gave Ei ¼ 3Gi  2:4 GPa and τi  30 MPa (Barthelat et al., 2007), with hardening up to 50 MPa at a failure strain of γ i ¼ 3.
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These values give β0  1, indicating that the elastic load transfer at the interface is close to uniform, producing an optimal
load transfer at the interface. The full stress strain curve predicted by the equations in Table 1 is shown on Fig. 4c. The RVE
model agrees well with the experiments considering it is only a two-dimensional model. The experiment is showing larger
stress in the post-yield region because of strain hardening (Barthelat et al., 2007).
4.6. Non-dimensional formulation
Since the equations in Table 1 are not size-dependent they can be more conveniently formulated in non-dimensional
forms. To guide this process it is useful to examine the effects of some of these parameters. For example the shear strain at
failure of the interface γ i only affects energy absorption and strain at failure, and should always be maximized to maximize
U c , which also ensures that the condition for optimal shear transfer in the post-yield regime (Eq. (19)) is met. Likewise, the
modulus of the tablets Et should always be maximized to achieve high composite stiffness. High aspect ratio of the tablets
increases stiffness and strength, with no impact on energy absorption. The highest possible aspect ratio should be selected,
the limit being governed by the fracture of the tablets themselves (this limitation is examined in details in the next section).
The strength of the tablets σ t should therefore always be maximized. These observations suggest a non-dimensional
formulation where the properties and parameters are normalized by the properties which should always be maximized (Et ,
σ t and γ i )
8
8
> E~ i ¼ EEti
8
>
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σ >
>
>
σ
~
¼
>
>
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>
>
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Normalizing the modulus and strength by the modulus and strength of the tablets leads to normalizing the strains by the
strain at failure for the tablets εt ¼ σ t =Et . A special attention is given to energy absorption, which is normalized by the energy
of a hypothetical material which would have the strength of the tablets and the elongation of the interfaces. Choosing this
~ σ~ ; U~ Þ are always between 0 and 1 for the interfaces, the tablets and the
normalization scheme, the three key properties ðE;
composite. For the tablets the energy stored is recoverable and does not dissipate, and therefore U~ t ¼ 0. The normalized
properties for the composite then become
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The parameter ρ0 ¼ κρ has a special importance for the design of the composite, and should therefore be maximized,
within limitations in order to prevent the fracture of the tablets themselves, as presented in the next section.

5. Tablet fracture
In order to preserve the beneficial mechanisms of shear–tension–shear load transfer, tablet sliding (pullout) energy
dissipation, and ultimately toughness, the tablets must remain intact. To predict the fracture of the tablets, existing models
typically compare the nominal stress carried by the tablets (stress averaged over the cross section) with the tensile strength
of the material they are made of. This criterion significantly overestimates the strength of the tablets in the staggered
structure, because the staggered structure actually gives rise to stress singularities in the tablets (Bekah et al., 2011). Based
on this observation we have recently developed and validated an improved failure criterion for the tablets, using closedform solutions for stress-intensity factors in elastic strips subjected to point forces (Barthelat et al., 2013). In this model we
assumed that the tablets are brittle, and that their failure is governed by linear elastic fracture mechanics. Two versions of
the criterion were proposed: a version for cases where the shear transfer is uniform and “optimum” (uniform shear traction,
β ¼ 0) and another version, more conservative, which is based on the extreme case where the shear stress is transferred by
point forces at the ends of the overlap regions (β ¼ þ1). The two versions of the criteria are illustrated on Fig. 5a and b. The
criteria incorporates the toughness of the tablets K IC , their thickness t t , the relative size a=t t of the surface defects they
initially contain, as well as the shear strength of the interfaces τi . Once these parameters are known, the maximum overlap
ratio which will prevent the fracture of the tablets can be determined as function of the non-dimensional number
pﬃﬃﬃﬃﬃﬃﬃ
ðK IC =τi πt t Þ and the relative defect size in the tablet a=t t . Fig. 5 shows that for both criteria, larger overlap ratio can be
achieved for higher toughness, lower interface strength and smaller tablet size t t . Smaller relative defect size a=t t also enable
larger overlap ratio, except for a=t t o0:15, where the crack tip, close to the surface, interacts strongly with the point forces
applied at the mouth of the defect. These criteria were validated against actual composites made of alumina tablets and
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Fig. 5. Diagrams illustrating the failure criteria for the tablets: (a) optimum version based on uniform shear transfer at the interfaces and (b) conservative
version based on point force shear transfer at the interfaces.

synthetic polymers at the interfaces (epoxy and polyurethane), and compared well with experimental data on natural
nacres.
Here we present a simple form of the criteria which we will use for the design optimization. These criteria can be fitted
with relatively simple functions which we present here for the first time. The “optimum” and “conservative” criteria can be
fitted with
8 
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With f 0 defined by Eq. (6). These criteria can also be written in non-dimensional forms
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The expression ρ0 max ¼ ð1=2~τ i Þ is the criterion which is traditionally used to predict tablet fracture, and which assumes
uniform tension in the tablets. The new “optimum” criterion deviates only slightly from the traditional criterion for large
initial defects, but for small defects and for overlap ratios in the range of 1–10, the difference is significant. In the case of the
conservative design, the maximum aspect ratio is only 1/5 of the value predicted by the traditional criterion. These
differences are significant, indicating the need to incorporate these more sophisticated design criteria for the design of
optimum staggered composites. In addition, while the optimum and conservative criteria give similar results for large
relative defects, their prediction differ significantly for smaller relative defects. The optimum criterion should only be used
in the case where the interface is perfectly plastic with no hardening. If the behavior deviates too much from perfect
plasticity, the conservative form should be used. We can now compare the predictions for optimum aspects ratios with the
actual microstructure of nacre from red abalone. We take the size of the surface defect equal to a  50 nm, which is the size
of the nanograins the tablets are made of (Rousseau et al., 2005), and the thickness of the tablets is t t  500 nm. These
values give a=t t  0:1. The toughness of the tablets in nacre is not known, but an estimate can be used from the toughness of
calcite: K IC  0:4 MPa.m1/2 (Broz et al., 2006). Using Eq. (5) the tensile strength of the tablets in uniaxial tension is
σ t  900 MPa. With the ultimate shear strength of the interface τi  50 MPa (Barthelat et al., 2007) one obtains~τ i  0:055.
 opti
Using
 consEq. (27) these values give the maximum overlap ratio according to the conservative criterion: ρ0 max  8 and
ρ0 max  3:5. The actual overlap ratio in nacre is overlap ratio is ρ0  1 6 (Fig. 4b), which is remarkably close to the
maximum overlap ratios predicted by these criteria.

32

F. Barthelat / J. Mech. Phys. Solids 73 (2014) 22–37

6. Optimum designs: achieving stiffness, strength and energy absorption simultaneously
We now explore pathways to optimize the staggered structure for simultaneous stiffness, strength and energy absorption
within the limitations given by the failure of the tablets (Eq. (27)). The main objectives are to resolve the contradictory
effects of some of the parameters, and to identify optimum microstructures and materials for specific combinations of
stiffness, strength and energy absorption. Some of the parameters are easier to optimize, because they have similar effects
on all properties. For example higher overlap ratios ρ0 are desired, with the limit set by tablet fracture. We will therefore use
the upper
 optivalue of the overlap ratio based on the failure criterion of the tablet, focusing on the optimum failure creation:
ρ0 ¼ ρ0 max provides an equation which couples ρ0 and τ~ i through Eq. (27a). In the rest of this article we set κ ¼ 0:25, which
corresponds to the case where the tablets follow a uniform statistical distribution over 0 oκ o 0:5. This case is probably the
most relevant for many actual synthetic nacre-like materials where the overlap length is random. Interestingly, studies on
large scale RVEs which included statistics over hundreds of tablets suggested that the mechanical response is largely
governed by the average value for the main structural parameters, and that the width of the statistical distribution plays a
much lesser role (Rabiei et al., 2010; Rabiei et al., 2012). Here we also assume that γ~ i satisfies Eq. (19), that is γ~ i is sufficiently
large to ensure optimum shear transfer in the post yield regime. As discussed in the design guidelines below, the optimum
composites will use interfaces which are deformable enough to satisfy this requirement. E~ i contributes to composite
modulus only, and should always be maximized. In the context of selecting a candidate material of the interface, we note
that materials which are stiff are also typically strong (Ashby, 1999). Using this general trend and to streamline our choice of
materials, we assume that ðEi =Et Þ  ðτi =σ t Þ, or in non-dimensional form: E~ i  τ~ i . This approximation will enable us to
establish coarse design guidelines on the choice of the materials, which can be refined once the materials are chosen. The
optimization problem therefore reduces to identifying optimum values for τ~ i and ϕ. Fig. 6 shows the effect of these two
parameters on modulus, strength and energy absorption, and highlights some of their contradictory effects: larger tablet

Fig. 6. Properties of the composite as function of relative interface strength and tablet volume concentration: (a) modulus, (b) strength and (c) energy
absorption as function of relative interface strength and tablet concentration. For all plots a=t t ¼ 0:1.



Fig. 7. Composite fitness as function of relative interface strength and tablet concentration. Here a=t t ¼ 0:1 and ðm; n; kÞ ¼ 1=3; 1=3; 1=3 . The optimum
failure criterion was used.
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concentrations ϕ increase modulus and strength, but decrease energy absorption. Smaller τ~ i increase modulus because they
enable higher overlap length between the tablets, but smaller τ~ i also reduce energy absorption.
In order to resolve these contradictions, we use a multi-objective optimization approach. In this case we use a weighted
product approach (Marler and Arora, 2004) where the multi-objective function, or “fitness” is written
m
k
f c ¼ E~ c σ~ nc U~ c

ð28Þ

E~ c ; σ~ c ; U~ c are the non-dimensional properties of the composite and m; n; k are non-dimensional indices for which we require
m þ n þ k ¼ 1. These indices can be modulated to change the emphasis on particular properties. For example
ðm; n; kÞ ¼ ð0:45; 0:45; 0:1Þ produces a fitness function which puts more emphasis on stiffness and strength, and less on
energy absorption. The particular multi-objective function pf Eq. (28) was chosen because (i) it is mathematically simple; (ii)
it gives a balanced weight to each property, even though they are numerically different by orders of magnitude and (iii) the
weight of each of the properties can be easily tuned while maintaining m þn þk ¼ 1, making the ternary diagram
representation possible. Once the indices m; n; k are chosen, f c can be maximized through the two independent design
parameters τ~ i and. Fig. 7 shows how this approach can resolve the conflicting effects of ϕ and τ~ i . In this example
m ¼ n ¼ k ¼ 1=3, and the fitness function has a maximum value of about 0.1 for an optimum combination of ϕ  0.75 and
τ~ i  0:1:
More generally, the optimum values of ϕ and τ~ i depend on the chosen combination of ðm; n; kÞ, and this choice ultimately
depends on the function of the material. Therefore to stay in the general case we now consider the optimum values of the
design parameters as function of any combination of ðm; n; kÞ. Since m þn þk ¼ 1, the optimum microstructures can be
displayed in a ternary diagram (Fig. 8), in which all possible combinations of ðm; n; kÞ occupy a triangular space. The lower

Fig. 8. Ternary diagrams showing optimum materials, composition and microstructure for all combinations (m,n,k), a=t t ¼ 0:1 and E~ i ¼ τ~ i . The optimum
failure criterion was used. (a) fitness of the composite normalized by the fitness of the pure interface material; (b) optimum tablet concentration;
(c) optimum interface strength and (d) optimum overlap length.
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left corner represents designs for which high modulus is desired (high m), the lower right corner represents designs for
which high strength is desired (high n), and the upper corner represents designs for which high energy absorption is desired
(high k). For k¼0 all the emphasis is on strength and stiffness, and the pure tablet material is always the best design. For
larger values of k, the staggered material becomes beneficial and optimum combinations of τ~ i and ϕ can be calculated as
function of (m,n,k). As more energy absorption is desired (index k increasing), ϕ must decrease, and τ~ i increases. Beyond a
certain threshold, τ~ i becomes so high that the pure interface material is more advantageous that the staggered structure. The
fitness of the pure interface material is written
m
k
f i ¼ E~ i σ~ i n U~ i with σ~ i ¼

pﬃﬃﬃ
3τ~ i

ð29Þ

Fig. 8a shows the ternary diagram for the fitness of the composite material. The region in the upper half of the ternary
diagram corresponds to f i 4 f c , and to cases where the pure interface material is more beneficial. This frontier can also be
seen in the other ternary diagrams, and has two important implications: first, the staggered structure is only advantageous if
a large volume of tablets (ϕ 4 0:7) is used (Fig. 8b). Second, the staggered structure is only advantageous if there is a
relatively high contrast of strength between tablets and interfaces with τ~ i o 0:2, that is the strength of the interface should
not exceed one fifth of the strength of the tablets (Fig. 8c). Finally Fig. 8d shows the optimum overlap ratio for the tablets
which must decrease as more energy absorption is desired. The lower region of the ternary diagram also display very useful
general design guidelines: if high modulus and high strength are desired over energy absorption then it is more
advantageous to use low interface strength, and high concentration of tablets with high overlap ratios. On the other hand,
if more energy dissipation is desired then the interface strength should be increased, and lower concentrations of tablets
with smaller overlap ratios should be used.
Finally, we note that the overall distribution of optimum parameters is organized along horizontal layers (k¼constant)
on the ternary diagrams. This indicates that the optimum designs do not change significantly with m and n if k is fixed.
Designs which are beneficial to high modulus are also beneficial to high strength. This trend is consistent with general
trends in monolithic and composites materials: stiffness usually goes together with strength (Barthelat and Mirkhalaf, 2013;
Ashby, 1999). Following this observation, we plot the properties of the optimum composites as function of tablet

Fig. 9. Properties from optimum designs for energy absorption (low ϕ) or stiffness and strength (high ϕ): (a) modulus; (b): strength, (c): energy absorption.
The triangular markers indicate the frontier between staggered structure and pure interface material.

Fig. 10. Diagrams used to find optimum designs: (a) Optimum interface shear strength as function of tablet concentration and (b) Optimum overlap as
function of interface shear strength. The curves are given for four different sizes of defects in the tablets.
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concentration and along a vertical line in the ternary diagrams (m ¼n) on Fig. 9. As expected the optimum modulus and
strength increase with ϕ (Fig. 9a and b) while the energy absorption decreases with ϕ (Fig. 9c). The triangular markers mark
the frontier between staggered structure and pure interface material. These plots show that it is more difficult to efficiently
implement the staggered structure if the tablets contain large defects (larger a=t t ). Note that the ternary diagrams and
results on Figs. 8 and 9 were generated with κ ¼ 0:25, corresponding to the case of a random overlap length in the
composite. Remarkably, we found that these results are virtually identical for other values of κ (within 0 o κ r 0:5).
7. Step-by-step optimization for staggered composites
We can now use these results to elaborate a step-by-step approach to the design and optimization of staggered
composites. To aid this process we use Fig. 10a and b.
Step 1: Material selection for tablets: Choose the material and the size of the tablets: The modulus Et must be high, so
ceramics are good candidates. The tensile strength of the tablets should be maximized, which can be done by
maximizing their toughness K IC and/or minimizing the relative defect size a=t t and/or minimizing their thickness t t .
Compute the tensile strength of the tablets in uniaxial tension using Eq. (5) σ t ¼ f KpICﬃﬃﬃﬃ
.
0 πa
Step 2: Volume concentration of tablets. Use Fig. 9 to select the appropriate tablet concentration ϕ which will generate
the desired balance between modulus, strength and energy absorption for the composite. If large defects are present in
the tablets, the energy absorption capabilities of the composite will decrease and ϕ should be as large as possible.
Step 3: Optimum interface strength. Use Fig. 10a and ϕ to determine the optimum interface shear strength τ~ i ðoptiÞ .
Step 4: Material selection for the interfaces. Compute the actual desired shear strength of the material τi ðoptiÞ ¼ σ t τ~ i ðoptiÞ .
Select a material for the interfaces with the appropriate strength. The interface should also be highly extensible so that γ i
is maximized. Check that γ i satisfies the optimum post-yield shear transfer condition (Eq. (19)). If that condition cannot
be met, consider decreasing ϕ and return to step 1.
Step 5: Optimum overlap: Use Fig. 10b and τ~ i ðoptiÞ to determine the optimum overlap ρ0 ðoptiÞ . Alternatively, ρ0 ðoptiÞ may be
computed using Eq. (27a). Use Eq. (4) to compute the aspect ratio of the tablet ρðoptiÞ .

8. Example: the design of nacre
We now illustrate these guidelines with natural nacre. Step 1 is the selection of the material and properties of the tablets.
The tablets are made of calcium carbonate (aragonite) and their thickness is t t  500 nm. The size of the defects is not
known, and we assume that they are in the order of the size of the nanograins the tablets are made of (a ¼ 50 nm). This gives
a=t t ¼ 0:1. Using K IC ¼ 0:4 MPa .m1/2 for calcite (Broz et al., 2006) gives a tensile strength of σ t  900 MPa for the tablets in
uniform tension (not within the staggered structure). Step 2 focuses on determining the concentration of the tablets. In
Fig. 10 we note that for a=t t ¼ 0:1 the volume concentration of the tablets must be at least 0.75. We choose ϕ ¼ 0:95, which is
the values for nacre, and which gives a combination of high modulus, high strength with some energy absorption. We then
move on step 3 and Fig. 10a, which give the optimum shear strength for the interface. For a=t t ¼ 0:1 and ϕ ¼ 0:95 we get
τ~ i ðoptiÞ ¼ 0:06. Step 4 examines the actual optimum properties of the interfaces. Here the optimum shear strength is
τi ðoptiÞ ¼ σ t  τ~ i ðoptiÞ ¼ 54 MPa which is remarkably close to the actual shear strength of the interfaces in nacre (Barthelat et al.,
2007). Finally, in step 5 we determine the optimum aspect ratio of ρðoptiÞ  30, which is higher than the actual aspect ratio of
the tablets in nacre from red abalone (ρ  13) but within the same magnitude. A large unknown in the procedure is the size
of the defect in the tablets. Using a=t t ¼ 0:2 and φ ¼ 0:95 would give we get τi ðoptiÞ  100 MPa and ρðoptiÞ  15. The predictions
from the optimization method are quite close to the actual value for nacre, considering that the only starting point for the
procedure is the tablet properties and volume concentration.
9. Summary and discussion
In this article we have incorporated basic mechanical models into an optimization scheme for the design of staggered
composites, for any desired combination of stiffness, strength and energy absorption. We have incorporated the material
properties for tablets and matrix as optimization variables and not simple inputs. As opposed to previous models we also
considered cases where the tablets do not fully overlap, with particular attention to the case κ ¼ 0:25 which corresponds to
the case where the overlap between tablets is random. Most of the previous approaches on optimizing staggered structures
have examined the effect of microstructure or hierarchy on each property, without solving some of the design contradictions
associated to this problem. Here we have, for the first time, addressed this issue by using a fully tunable multi-objective
optimization scheme to maximize stiffness, strength and energy absorption simultaneously. In addition, all of the precious
approaches to design optimization have assumed fixed properties for the tablets and interfaces. Here we have incorporated
these properties as design variables, leading to a more comprehensive optimization approach and more efficient designs.
The models used here to predict basic properties for the composite are very simple but provide good estimates, in
reasonable agreement with experiments. Using more sophisticated models which would include the effect of gaps and
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matrix materials at the ends of the tablets, three dimensionality (Barthelat et al., 2007; Katti et al., 2001), effect of tablet
arrangement (Rabiei et al., 2010; Zhang et al., 2010) stochastic microstructure, rough (Evans et al., 2001) and/or wavy tablets
(Barthelat et al., 2007), relaxation of the E~ i  τ~ i assumption and multi-axial loading would certainly lead to more refined
optimized designs. Nevertheless, useful general guidelines emerge from the present work: the staggered microstructure is
only advantageous if the tablets are at least 5 times stronger than the interfaces, and only if high volume concentrations of
tablets are used. Remarkably, we found that these results are virtually identical for any value of the overlap ratio κ (within
0 oκ r 0:5). The exact trends produced by the optimization process were compiled in a step-by-step optimization process
which produces results which are consistent with the materials and microstructure of natural nacre. The method is general
and can be applied to any other set of materials. The method also incorporates size effects through fracture mechanics of the
tablets, and is therefore appropriate to the design and optimization of micro- and nano-composites. Tablets or inclusions
with sizes approaching nanometers can be much stronger than microtablets, which enables larger aspect ratio and higher
performances. However, it is difficult to achieve high volume concentrations of tablets for nanostructured composites,
because their optimum design would imply interfaces of sub-nanometer thickness. Finally, the advantages of structural
hierarchy in composite were highlighted in recent model (Gao, 2006; Zhang et al., 2011; Sen and Buehler, 2011).
Implementing this systematic design approach to multi-scale staggered structures may yield interesting guidelines for
the optimization of modern composite materials.
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